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Introduction
Optimal Transport problem

Optimal Transport problem (Monge, 1781; Kantorovich, 1942):
> Given i,v € P(Q) and c: Q x Q — R, solve

inf / ) 7
QxQ

YE (11,v)

where I'(u,v) = {y € P(2 x Q) | VA C Q,v(A x Q) = n(A),v(Q2 x A) = v(A)}.
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Introduction
Optimal Transport problem

» p-Wasserstein distance between 1. and v when Q C RY:

1/p
Wp(u,u)::( o[ IIX—YIIPdv(X,y)) .
QxQ

vEr(k,v)

» Geodesic distance, interpolations, barycenters, gradient flows,
Riemannian interpretation of the 2-Wasserstein space (P2(R9), W»)...
(Otto, 2001; Ambrosio, Gigli, Savaré, 2004)
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Introduction

Optimal Transport applications

» Euler equations: (de Goes et al., 2015)

Yo

» Computer graphics: (Salomon et al., 2015)

XX FYYYY Y T "

» Trajectory inference for single cell RNA-sequencing data: (Forrow et al,
2021; Chizat et al., 2022)

Samples Inference

» Cosmology, quantum chemistry, meteorology, economics, image
processing, machine learning...
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Introduction

""Entropy-regularized' Optimal Transport problem

inf /QXQ c(x, y)dy(x, y).

~yET(p,v)

» In practice, optimal transport value can be:
» Difficult to compute numerically:

é(n3) numerical complexity when 1, v have n support points.
» Difficult to estimate statistically:

O(n~'/?) sample complexity when /i, v are supported over R?.
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Introduction

""Entropy-regularized' Optimal Transport problem

inf /QXQ c(x, y)dy(x, y).

YEr(1,v)

» In practice, optimal transport value can be:
» Difficult to compute numerically:
é(n3) numerical complexity when 1, v have n support points.
» Difficult to estimate statistically:
O(n~'/?) sample complexity when /i, v are supported over R?.

""Entropy-regularized' Optimal Transport problem:
> Given i, v € P(Q), c: 2x Q2 — Rand X > 0, solve

inf / e, Y)&y(x, ) - AKL (] ® ),
vel(p,v) Jaxq

Equivalent to the static Schrédinger problem (Schrodinger, 1931;
Léonard, 2014).
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Introduction

"Entropy-regularized" Optimal Transport problem

inf / c(x, y)dy(x,y) + AKL(y|1 ® ).
'Yer(/‘bay) QxQ
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Introduction

""Entropy-regularized' Optimal Transport problem

inf / c(x,y)d1(xy) + AKL( ] @ ).
vel(pv) Jaxa

» Dual problem:

o P V)/¢du+/1/)du+/\( //exp (%) dudy).
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Introduction

""Entropy-regularized' Optimal Transport problem

inf / c(x,y)d1(xy) + AKL( ] @ ).
vel(pv) Jaxa

» Dual problem:
sup /¢du+/wdu+/\( //exp (dm_t‘) dudu).
deLl (), hell(v) A

» Primal-dual relation:

. _ (¢*@w*—c>
v=ep(—— ).
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Introduction

""Entropy-regularized' Optimal Transport problem

sup /qbdu + /wdu A (1 _ //exp ("W_C) d,ud1/> .
peLi(u)beli(v) A
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Introduction

""Entropy-regularized' Optimal Transport problem

sup /qbdu + /wdu A (1 _ //exp ("M_C) d,ud1/> .
peLi(u)beli(v) A

» Optimality conditions yield the Schrédinger system:
¢*(x) = —Alog [ exp (w dv(y) for p-ae. x,
Y*(y) = —Alog [exp (M du(x) for v-ae. y.
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Introduction

""Entropy-regularized' Optimal Transport problem

sup /qbd;ﬁ—/wdu—i—)\ (1 _ //exp ("M_C) d,ud1/> .
peLi(u)beli(v) A

» Optimality conditions yield the Schrédinger system:
w dv(y) for p-ae. x,

¢*(x) = —Alog [ exp (
P*(y) = —Alog [ exp (M du(x) for v-ae. y.

Sinkhorn’s algorithm: starting from arbitraty 1 € L}(v), set Vt € N

Grp1(x) = —MAlog [ exp (w) dv(y) for p-a.e. x,

Yer1(y) = —Xlog [ exp (%> du(x) for v-ae. y.
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Introduction

Sinkhorn’s algorithm

$ey1(x) = —Alog [ exp (M) dv(y) for p-a.e. x,
Yer1(y) = —Xlog [ exp (M) du(x) for v-ae. y.

» Also known as:

o Sinkhorn-Knopp algorithm,

Iterative Proportional Fitting Procedure (IPFP),
RAS algorithm,

Fortet's iterations,

Bregman alternative projection,

Matrix scaling algorithm...

O O O O O
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Introduction
Sinkhorn’s algorithm

$ey1(x) = —Alog [ exp (w) dv(y) for p-a.e. x
VYey1(y) = —Alog [ exp (M> dp(x)  for v-a.e. y.

> Link with matrix scaling: when 11 = >"7, 10 and v =37, 10,

set:
H = (Mi)lgign S Rn7
v = (¥h<j<n €R, p
De11/2(x) Uy 1 = [t D Ky,
u =(e™ * pi)i<i<n €R", Then: 2
o «Ezyj ) N Vt+1:V®KTUt+%-

[NIE

(67> v)i<j<n € R,
d K = (e—c(x,,)g)/)\)1<lj<n c Rxn,
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Introduction
Sinkhorn’s algorithm

$ey1(x) = —Alog [ exp (w) dv(y) for p-a.e. x
VYey1(y) = —Alog [ exp (M> dp(x)  for v-a.e. y.

> Link with matrix scaling: when 11 = >"7, 10 and v =37, 10,

set:
H = (Mi)lgign S Rn7
v = (¥h<j<n €R, p
De11/2(x) Uy 1 = [t D Ky,
u =(e™ * pi)i<i<n €R", Then: 2
o «Ezyj ) N Vt+1:V®KTUt+%-

[NIE

(67> v)i<j<n € R,
d K = (e—c(x,,)g)/)\)1<lj<n c Rxn,

Theorem (Sinkhorn, 1964):

The sequences (ut)s, (v+)r converge to the
unique scalings u*

,v* of the matrix K that satisfy
‘7* = diag(uv")Kdiag(v*) € T'(u, v). ‘

9/25



Introduction
Sinkhorn’s algorithm

$ey1(x) = —Alog [ exp (w) dv(y) for p-a.e. x
Yer1(y) = —Xlog [ exp (M> du(x) for v-ae. y.

> Link with matrix scaling: when ;1 =" | yi;6,, and v =7

H = (Mi)lgign S Rn7
v = (v)i<j<n €R,

(e
d K = (e—c(x,,)g)/)\)1<lj<n c Rxn,

i O = j=1 Vj(syj,
set:

ber1/2(4) U1 = @ Ky,
U 1= (e X /li)1<i<n eR", Then: T T
2 - = J—
$e(y)) Virit =V QO K gy 1.
) n 2
= X Vi)i<j<n €R

Theorem (Sinkhorn, 1964):

unique scalings u*, v* of the matrix K that satisfy

‘7* = diag(v*)Kdiag(v*) € T(u,v). ‘

The sequences (ut)s, (v+)r converge to the

— What is the speed of this convergence?
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Introduction

Sinkhorn’s algorithm - Known convergence rates

> Hilbert’s projective metric on (R%)":
Vu,i € (RL)",  dy(u, @) = logmax —-) = ||log u — log i
uju;

osc *
1

Theorem (Birkhoff, 1957; Samelson et al., 1957):
Any matrix K € (R%.)"*" is a contraction on (R%)" with respect to dy:

Vu, i€ (RY)",  dy(Ku, KiT) < k(K)dy(u, ).
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Sinkhorn’s algorithm - Known convergence rates

> Hilbert’s projective metric on (R%)":
Vu,i € (RL)",  dy(u, @) = logmax —-) = ||log u — log i
uju;

osc *
1

Theorem (Birkhoff, 1957; Samelson et al., 1957):
Any matrix K € (R%.)"*" is a contraction on (R%)" with respect to dy:

Vu, i€ (RY)",  dy(Ku, KiT) < k(K)dy(u, ).

Corollary (Franklin and Lorenz, 1989):
The Sinkhorn sequences satisfy:

Ipe = Dullose < (1 — €7/ [ld0 — Pl oge -
||’l/}t - w*Hosc S (1 - e_COO/A)t ||’l/}0 - ’(/}*”osc’

where ¢y = ||c|| s = supc —infc.
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Introduction

Sinkhorn’s algorithm - Known convergence rates

> Hilbert’s projective metric on (R%)":
Vu,i € (RL)",  dy(u, @) = logmax —-) = ||log u — log i
uju;

osc *
1

Theorem (Birkhoff, 1957; Samelson et al., 1957):
Any matrix K € (R%.)"*" is a contraction on (R%)" with respect to dy:

Vu,ire (RL)",  du(Ku, Kii) < k(K)dy(u, ).

Corollary (Franklin and Lorenz, 1989):
The Sinkhorn sequences satisfy:

Ipe = Dullose < (1 — €7/ [ld0 — Pl oge -
||’l/}t - w*Hosc S (1 - e_COO/A)t ||’I/}O - ,(/}*”osc’

where ¢y = ||c|| s = supc —infc.

‘ Problem: The constant e~/ is very small when X is small.
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Introduction

Sinkhorn’s algorithm - Known convergence rates

> SUb_optimality gap: vt7 61’ = F(¢*7d)*) - F(¢t+1/27wt)7

PBP—c

where F(¢,9) = (olp) + (¥[v) + M1 = (e 3 [p®v)).

Theorem (Dvurechensky, Gasnikov and Kroshnin, 2018):
The sub-optimality satisfies: 22
< o0

1) —=,
DY
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Introduction

Sinkhorn’s algorithm - Known convergence rates

» Sub-optimality gap: Vt,

6t = F(u i) — F(Drs1/2,¥r),

PBP—c

where F(¢,9) = (olp) + (¥[v) + M1 = (e 3 [p®v)).

The sub-optimality satisfies:

O¢

Theorem (Dvurechensky, Gasnikov and Kroshnin, 2018):

2c2,
< —=.
At

Problem: Polynomial convergence rate instead of exponential
convergence rate.
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Main result

‘ Exponential convergence rates with robust contraction constants.

» Case 1: log-concave source measure.

Theorem (Chizat, D. and Vaskevicius, 2024):
> Let c(x,y) = —(x,y).

> Let X C RY be compact and convex, let u € P, . (X) with log-concave
density.

» Let Y C RY be compact and v € P()).

If A < c, then
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Main result

‘ Exponential convergence rates with robust contraction constants.

» Case 2: source measure with bounded density.

Theorem (Chizat, D. and Vaskevicius, 2024):
> Let c(x,y) = —(x,y).

> Let X C RY be compact and convex, let i € P, . (X) and assume that
the density of u satisfies

0<m<f, <M< +oo.

> Let Y C R9 be compact and v € P()).
If A < ¢y, then

m A2\°
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Main result

‘ Exponential convergence rates with robust contraction constants.

» Case 2: source measure with bounded density.

Theorem (Chizat, D. and Vaskevicius, 2024):
> Let c(x,y) = —(x,y).

> Let X C RY be compact and convex, let i € P, . (X) and assume that
the density of u satisfies

0<m<f, <M< +oo.

> Let Y C R9 be compact and v € P()).
If A < ¢y, then

m A2\°

Remarks:
- Convexity of X may be relaxed.

- Cost ¢ may be any C? function.

. . 2 .
- In certain settings, CAT may be replaced with - for t large enough.

Cc
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Elements of proof

Preamble: semi-dual functional

» Recall we want to solve

sup F(o,1),

peLl(p),pell(v)

where F(¢, ) = [ ¢dp+ [pdy + A (1 — [ [exp (%) d,udy) .
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Elements of proof

Preamble: semi-dual functional
» Recall we want to solve

sup F(o,1),

peLl(p),pell(v)

where F(¢, ) = [ ¢dp+ [pdy + A (1 — [ [exp (%) d,udy) .

» Semi-dual functional: for any ¢ € L1(v), define

E(y)= sup F(¢,9)

peL (1)

= / Y dp + / Ydv.

Py)—c(x,y)

where 92 (x) = —Alog [ e x — duv(y).
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Elements of proof

Preamble: semi-dual functional
» Recall we want to solve

sup F(o,1),

el (u),pell(v)

where F(¢, ) = [ ¢dp+ [pdy + A (1 — [ [exp (%) d,udz/) .

» Semi-dual functional: for any ¢ € L1(v), define

E(y)= sup F(¢,9)

peL (1)

= / Y dp + / Ydv.

P —clxy)

where 9 (x) = —Alog [ e~ = — du(y).

> New problem: solve

sup E(¥).
Yell(v)
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Elements of proof

Preamble: semi-dual functional

) —c(x,y)
X

E:¢— /wc”\dwr/wdy, where S (x) = f/\log/e du(y).

Key properties:
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Elements of proof

Preamble: semi-dual functional

) —c(x,y)
X

E:¢Y— /wc”\dqu/z/sz/, where S (x) = f/\log/e

Key properties:
1. Sub-optimality:

(8 = E(9) — E(0).

2. One-step-improvement:
Gepn < 0 — AKL(v|v[ge)),

DY e
fed (X)Hi(y) c(x.y) d,u(x).

where v[¢](y) =

dv(y).
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Elements of proof

Preamble: semi-dual functional

) —c(x,y)
X

E:¢— /wc”\dwr/z/;dy, where S (x) = f/\log/e du(y).

Key properties:
1. Sub-optimality:

(8 = E(9) — E(0).

2. One-step-improvement:
Gepn < 0 — AKL(v|v[ge)),

DY e
fed (X)Hi(y) c(x.y) d,u(x).

where v[¢](y) =

3. E is concave and its gradient is
VE@W) =v—vy].
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Elements of proof

One-step-improvement bound

» By concavity of E,
|0 < (V" — ey — v[w]). |
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Elements of proof

One-step-improvement bound

» By concavity of E,
‘ Or < (P — the|v — v[ehe]). ‘

» For all n >0,

8 =1 (W™ — ey — vtpe]) — KL(VIV[%])} + 1 KL(v|v[y])
<t osup (0 = el = vlve]) = KL( [v[ved)} + 0 KL(v|v[v])

v’ eP(RY)
“Hlog Eypyg exp(nf) + 1 'KL(v|v[]),

where f =" — by — E [y, [ — 1.

d: <ntlog Eufy exp(nf) + 0 YKL(v|v[e]).
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Elements of proof

One-step-improvement bound

§: <n'log Evfd exp(nf) + n *KL(v|v[¢e]).

» Recovering the polynomial rate:
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Elements of proof

One-step-improvement bound

§: <n'log Evfd exp(nf) + n *KL(v|v[¢e]).

» Recovering the polynomial rate:

1. Using [|f|| .. = [[¥" — || ose < 2€o0, Hoeffding's inequality yields
‘ Eutw exp(nf) < exp(21)°c%)- ‘

2. Injecting and optimizing in 7 yields
0t < Coon/ 2KL(v[v[]).
3. Combining with the one-step-improvement d¢41 < 0 — AKL(v|v[¢:]),

‘ 6[ S Coo\/ 2A_1(5t = 6t+1).

_ ; Ao 1
4. Re-arranging leads to 22 S an

— 6%, which yields

2(%o
5 < X=.
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Elements of proof

One-step-improvement bound

¢ <1 'log Evppgexp(nf) + 1 KL(v| ).

» Using ||f]l... < 2cx, Bernstein’s inequality yields

osc

Var, (g (" =)
Evpyg [exp (nf)] < exp (%(—C?‘T) .
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Elements of proof

One-step-improvement bound

¢ <1 'log Evppgexp(nf) + 1 KL(v| ).

» Using ||f]l... < 2cx, Bernstein’s inequality yields

osc

*Var, [y ("~
Evpyg [exp (nf)] < exp (%(zc_%T)) .

» Consequence:

Proposition (Chizat, D. and Vaskevicius, 2024):

51— < 2\/)\_1Vary('¢)* — 'l)[)t)((st - 6t+1) TP A 1((51— — 5t+1)'

ldc,, . _
3
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Elements of proof

One-step-improvement bound

¢ <1 'log Evppgexp(nf) + 1 KL(v| ).

» Using ||f]l... < 2cx, Bernstein’s inequality yields

osc

*Var, [y ("~
Evpyg [exp (nf)] < exp (%ﬁ#) .

» Consequence:

Proposition (Chizat, D. and Vaskevicius, 2024):

51— < 2\/)\_1Vary('¢)* — 'l)[)t)((st - 6t+1) TP A 1((51— — 5t+1)'

ldc,, . _
3

— To conclude, need to relate Var, (¢¥* — 1) back to J; and ;1.
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Elements of proof

Strong-concavity estimate

> With v = 9* — 1)y, sub-optimality satisfies

5, = E(v*) — E / 0 / g EWe + sv)dsde.
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Elements of proof

Strong-concavity estimate

> With v = 9* — 1)y, sub-optimality satisfies

= E(y") / / ~— E(Yr + sv)dsde.
e=0 Js=¢
» Second-order derivative of E: Vi, v € L}(v),e €R,

d52 E(w + SV f Var,,x [IZH-SV](V)d.u( )

where VX[¢](y) _ e?/)c‘ (X)Hb( )—c(x.y

Vis st oY) = [ vlwldu(x).
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Elements of proof

Strong-concavity estimate

> With v = 9* — 1)y, sub-optimality satisfies

5, = E(v*) — E / 0 / g EWe + sv)dsde.

» Second-order derivative of E: Vi, v € L}(v),e €R,
d52 E(d’ + SV Y f Varyx[w+5V](V)du( )

where v [$](y) = e“ K= 1oLy = [ ualeldu(x):
1/t ot
= |6 = f/ / /Varl,x[w+sv](v)du(x)dsde.
A e=0Js=¢
But [ Var, [y1a(v)du(x) < Var,piq(v), and we need a reverse
inequality.
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Elements of proof

Strong-concavity estimate

» We need a way to upper bound ;—;E(w + sv) in terms of
Var, y4s(Vv)-
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Elements of proof

Strong-concavity estimate

» We need a way to upper bound ;—;E(w + sv) in terms of
Var, [y 4a(v).

> Log-partition function: for any ¢ € L}(v), define

100) = g [ exp(u)d.

» | is twice-differentiable and satisfies
d2 d?

32 /(0 +5v) 2 C) 5 E(W + 5v) + CAVarygy (V).
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Elements of proof

Strong-concavity estimate

Theorem (Prékopa, 1971/73; Leindler, 1972; Cordero-Erausquin et al.,
2006): Weighted Prékopa-Leindler inequality.

Let £ > 0 and p be a measure on R¥ of the form dp = e~ where V2W > ¢.
Let o € [0,1] and let f, g, h: R? — R, be such that for all x,y € R,

h((1 — a)x + ay) > e~ e@-alxyIF/2f(l-ag(y).

formoz ([, ) " (L)

Then,
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Elements of proof

Strong-concavity estimate

Theorem (Prékopa, 1971/73; Leindler, 1972; Cordero-Erausquin et al.,
2006): Weighted Prékopa-Leindler inequality.

Let £ > 0 and p be a measure on R¥ of the form dp = e~ where V2W > ¢.
Let o € [0,1] and let f, g, h: R? — R, be such that for all x,y € R,

h((1 — a)x + ay) > e~ e@-alxyIF/2f(l-ag(y).

formoz ([, ) " (L)

106) = o [ exp(u)d.

Then,

‘ Lemma (Chizat, D. and Vaskevicius, 2024): [ is a concave functional.
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Elements of proof

Strong-concavity estimate

» From the concavity of /:
Proposition (Chizat, D. and Vaskevicius, 2024):
d2

@E('IZ} + SV) < _C()‘)Varu[w+sv](v)'
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Elements of proof

Strong-concavity estimate

» From the concavity of [

Proposition (Chizat, D. and Vaskevicius, 2024):

d2
@E(z/z +sv) < —C()\)Vary[¢+svl(v).
Remarks:
- Case A =0 and c¢(x,y) = —(x|y) can be deduced from the Brascamp-Lieb
inequality.

- Valid for any semi-concave cost ¢ (e.g. C? cost).
- In the A — 0 regime, yields a novel estimate of the strong-concavity of the
dual Kantorovich problem in OT.
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Elements of proof

Conclusion

» The strong-concavity estimate yields

1 1 d2 .
Se=— / | R sv)dsde = COVan (0 — v

» Together with the one-step-improvement bound, this entails

ldc,, . _
6 < 24/ C(N)0e(6: — 0ry1) + A0, — ey1).

» Conclusion:
6t+1 S I'il()\)(st
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Lower bound

Tightness of the the 1 — ©(2-) contraction constant.

Theorem (Chizat, D. and Vaskevicius, 2024):
> On R, let u = N(0,1) and v = N(0, 0%) with o > 0.
» Let c(x,y) = —xy and ¢ = 0.

If A < o/5, then
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Main result: general statement

Theorem (Chizat, D. and Vaskevicius, 2024): Assume that X is convex,
I eRyst. Vy €Y, x = c(x,y) is {-semi-concave, and ||c|, .. = Cs < 00.
Then, for any integer t > 0, the Sinkhorn iterates (¢;)¢>0 satisfy

|E(@") - E(en) < (1 - o )(E(W7) — E())]

provided either one of the following additional assumption holds:
1. The domain X is compact and included in {x : ||x|| < Rx}, the

measure p admits a density f,(x) such that Swpeex () o 00 and

¢ infy e fu(x’) ™

= 176{1+ (coo + 5R§()m—1 + 2 A2

2. There exists a &-strongly convex function V' : X — R such that the
density of y reads f,(x) = eV, and

@ =176{1+ coo A + 2\ 2}

3. There exists ¢ € Ry such that for all y € Y, x > c(x,y) is
(-semi-convex, there exists a max (&, (£ + ¢)/A)-strongly convex
function V : X — R such that the density of u reads f,(x) = e~ V),
and a=176{1 + c., A '}.

Thank you for your attention!
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