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Problem statement

Let ϕ : Rd → R∪{∞} be a fixed, proper and continuous convex function.

Let ρ, ρ̃ ∈ P2(Rd) and γ, γ̃ ∈ P2(Rd × Rd) such that{
(p1)#γ = ρ,
spt(γ) ⊂ ∂ϕ,

{
(p1)#γ̃ = ρ̃,
spt(γ̃) ⊂ ∂ϕ.

Under what conditions on ϕ, ρ, ρ̃ and for which C , α do we have

W2((p2)#γ, (p2)#γ̃) ≤ CW2(ρ, ρ̃)α?

Remark: whenever ϕ is differentiable ρ− and ρ̃−a.e.,

γ = (id,∇ϕ)#ρ, γ̃ = (id,∇ϕ)#ρ̃,

W2((p2)#γ, (p2)#γ̃) = W2((∇ϕ)#ρ, (∇ϕ)#ρ̃).
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Motivations

1. Resolution of Kantorovich dual:

min
ψ

⟨ψ∗|ρ⟩︸ ︷︷ ︸
:=K(ψ)

+⟨ψ|µ⟩.

Gradient of K : ∇K (ψ) = −(∇ψ∗)#ρ.

2. Barycenters in Linearized OT:

Barρ((µi)1≤i≤N) =
(

1
N
∑

i
∇ϕρ→µi

)
#

ρ.

3. Generative modelling with an ICNN ϕθ:

min
θ

L(θ) ≈ W2((∇ϕθ)#ρ, µ).
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A positive result

Proposition:
Let α ∈ (0, 1) and let ϕ ∈ C1,α(Rd) convex. Then for any ρ, ρ̃ ∈ P2(Rd),

W2((∇ϕ)#ρ, (∇ϕ)#ρ̃) ≤ ∥∇ϕ∥C0,α W2(ρ, ρ̃)α.
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Negative results

▶ No assumption on ρ, ρ̃:

ϕ

−1 1

(p2)#γ = δ−1 (p2)#γ̃ = δ1
ρ = ρ̃ = δ0

W2((p2)#γ, (p2)#γ̃) = 2 while W2(ρ, ρ̃) = 0.
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Negative results

▶ Assume ρ is absolutely continuous and ρ ≤ M < +∞:

−1
2

1
2

−ε
2

ε
2

ϕ

ρ = λ|[−1
2 ,

1
2 ]

−1 1

(p2)#γ = 1
2(δ−1 + δ1)

ρε = λ|[−1
2 ,−

ε
2 ]∪[

ε
2 ,

1
2 ]
+ εδ0

(p2)#γ
ε = 1−ε

2 δ−1 +
1+ε
2 δ1

W2((p2)#γ, (p2)#γ
ε) ∼ W2(ρ, ρε)1/3.
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Main result

Assumptions:
▶ Let R > 0 and let Ω = B(0,R) ⊂ Rd .
▶ Let ϕ : Ω → R convex and R-Lipschitz continuous.
▶ Let M ∈ (0,+∞).

Theorem:
▶ For any ρ ∈ Pa.c.(Ω) s.t. ρ ≤ M,
▶ For any ρ̃ ∈ P(Ω) and γ̃ ∈ P(Ω × Ω) s.t. (p1)#γ̃ = ρ̃ and spt(γ̃) ⊂ ∂ϕ,

W2((∇ϕ)#ρ, (p2)#γ̃) ≤ C(d , M, R)W2(ρ, ρ̃)1/3,

where C(d , M, R) ∼ d228(d+1)(1 + βd )(1 + M)(1 + R)4+d .
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Key ingredient
Covering number of near-singular sets of convex functions

Ση,α := {x ∈ Ω | diam(∂ϕ(B(x , η)) ≥ α}.

Theorem: For all α, η > 0,

N (Ση,α, η) ≲ d2Rd−1

αηd−1 .

In particular, ∫
Ω

diam(∂ϕ(B(x , η)))2dx ≤ C(d ,R)η,

where C(d , R) ∼ 23d d2βd Rd+1.

Remark: also entails that dimH(Σ0,α) ≤ d − 1 and

Hd−1(Σ0,α) ≤ C(d)Lip(ϕ)Rd−1

α
.
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Comparison
On the singularities of convex functions

Theorem (Alberti, Ambrosio, Cannarsa, 1992):
Let k ∈ {1, . . . , d}. The set

Σk := {x ∈ Ω | dimH(∂ϕ(x)) ≥ k}

is countably Hd−k -rectifiable. It satisfies∫
Σk

Hk(∂ϕ(x))dHd−k(x) ≤ C(d)(Lip(ϕ) + 2R)d .

This yields

Hd−1(Σ0,α) ≤ C(d) (Lip(ϕ) + 2R)d

α
.
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Main result
General setting

Assumptions:
▶ Let R > 0 and let Ω = B(0,R) ⊂ Rd .
▶ Let p ≥ 2 and c(x , y) = ∥x − y∥p. Let φ ∈ C(Ω) satisfying φ = (φc)c̄ .

Denote
Tφ : x 7→ x − (∇ ∥·∥p)−1(∇φ(x)).

▶ Let M ∈ (0,+∞).

Theorem:
▶ For any ρ ∈ Pa.c.(Ω) s.t. ρ ≤ M,
▶ For any ρ̃ ∈ P(Ω) and γ̃ ∈ P(Ω × Ω) s.t. (p1)#γ̃ = ρ̃ and spt(γ̃) ⊂ ∂cφ,
▶ For any q ∈ (p − 1,∞) and r ∈ (1,∞]

Wq((Tφ)#ρ, (p2)#γ̃) ≤ C(d , q, p, M, R)Wr(ρ, ρ̃)
r

q(r+1) ,

where C(d , q, p, M, R) ∼ 28(d+1)p3
( q

q−p+1

)1/q d2(1 + βd )(1 + Mρ)(1 + R)2+p+d .

Thank you for your attention!
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